In problems where shock waves move slowly relative to the grid, numerical errors in density and momentum may occur at the shock and propagate downstream, thereby contaminating the solution. These errors are analyzed in the present work and a fix is proposed. The errors are divided into two classes: start-up errors and post-shock oscillations. It is shown that a traveling wave analysis of the isothermal Euler equations describes the spike formation in the momentum for the first-order accurate Lax-Friedrichs solver very well. By smearing the density and momentum profiles appropriately, the corresponding downstream-propagating wave can be removed. The post-shock oscillations have been characterized; as a fix for this problem, a lower bound on the wave speed of the first-order accurate HLL solver is set in the artificial viscosity coefficient for density in the continuity equation. The implementation to higher-order accurate methods is not straightforward; an additional fix is proposed, which is performs well on the full multi-dimensional Euler equations.
I. Introduction
If shock waves are not treated accurately in computational fluid dynamics applications, numerical errors may propagate in the flow field and contaminate the solution. Because of its simplicity and robustness, shock capturing has become over the past decades the most common means for simulating flows with shock waves in a stable fashion. Shock-capturing schemes are based on the premise that, because shocks are discontinuous structures (or very thin regions) that cannot be resolved on the computational grid, numerical dissipation is introduced to stabilize the solution. Thus, shocks are in practice smeared over a few computational cells. An important drawback of many commonly used shock-capturing schemes is that numerical errors are generated in computations of slowly-moving shocks. For shocks moving slowly relative to the grid, errors and oscillations in density and momentum may occur at the shock and propagate downstream, thereby contaminating the solution, depending on the numerical scheme. Although the occurrence of errors generated by slowly-moving shocks has been observed for many years, 10, 12 few systematic studies of the phenomenon exist. This problem is of particular importance in flows in which the errors are on the order of small fluid fluctuations, e.g., in noise generation, acoustics and turbulence.
Post-shock oscillations were first identified in simulations of a Mach 3 flow over a step. 18 It was further argued that the dissipation introduced by Godunov's method vanishes as the shock speed goes to zero, 2 so that the entropy production across the shock is incorrect. The introduction of additional dissipation is proposed as a fix. The first systematic study 13 showed that errors at slowly-moving shocks occur only in nonlinear systems of equations and that the amplitude of the oscillations depended on the numerical method. Furthermore, it was shown that oscillations are shed at a period, λ s ∆x/s, where λ s is the characteristic speed of the shock family and s is the shock speed. A quantification of the error and a modified entropy fix were provided, 11 though results still showed some oscillations. Along the same lines, entropy fixes have been
II. Governing equations
For simplicity, the present analysis focuses on the one-dimensional isothermal Euler equations; the results will subsequently be extended to the full Euler equations. If the temperature is assumed constant, the sound speed, a, is constant, and dp = a 2 dρ, where p is the pressure and ρ is the density. As a result, the Euler equations become:
where u is the velocity. The eigenvalues and right eigenvectors of the flux Jacobian are
Without loss of generality, consider a right-moving shock (s > 0) with compression (i.e., density gradient) pointing in the negative x direction. The state ahead of the shock is the right state and that behind the shock is the left state. The isothermal Euler equations can be integrated over a fixed control volume enclosing the shock to yield normal shock relations. The velocity can then be expressed as
and the shock velocity by
where M = ρ L /ρ R is the shock Mach number. Thus, given M and ρ R and choosing s,
For the present work, base values of M = 2 (unless otherwise mentioned) and ρ R = 1 are selected and s is varied; the remaining quantities are computed to satisfy Equations 5. Given the relations in Equations 5, it can be shown that the eigenvalues depend only on s and M . The first eigenvalue can be written:
For the present case, s is small and positive, so that λ
L and λ
R are both negative. The second eigenvalue can be written:
Thus, λ
R may be negative if
III. Riemann solvers
To simplify the analysis, a first-order accurate spatial discretization is first considered. The time-marching is handled by a third-order accurate TVD Runge-Kutta scheme.
3 The semi-discrete form of the equations is given by: d dt
where the bar denotes the cell-average value. Four different approximate Riemann solvers are considered: Lax-Friedrichs, Rusanov, Roe and HLL. All of the schemes under consideration can be written as a central term plus a diffusive term, whose viscosity may vary but which goes to zero as the grid is refined, i.e.,
where c and m are the numerical viscosity coefficients. The diffusive term can be written more concisely in matrix form: c
The Lax-Friedrichs (LF) and Rusanov (Local Lax-Friedrichs or LLF) fluxes are defined as:
For the Lax-Friedrichs scheme, β is a global value (i.e., the largest eigenvalue over the whole domain):
For the Rusanov scheme, a local value of β is utilized:
For the LF or LLF solvers, the artificial viscosity coefficients can then be written:
The Roe flux is defined as:
Here, the tilde denotes Roe-averaged quantities. For the isothermal Euler equations, only the velocity is needed:ũ
For the Roe solver, the artificial viscosity coefficients can then be written:
The Harten-Lax-van Leer (HLL) flux is defined as:
where the wave speeds are given by
i ,λ
For the HLL solver, the artificial viscosity coefficients can then be written:
where the tilde denote Roe-averaged quantities. The following property of Roe averages was used:
In the LF and Rusanov solvers, the artificial diffusivity coefficients matrix is diagonal with positive non-zero entries. In the Roe and HLL solvers, this is not necessarily the case. The first two schemes are essentially artificial diffusion methods in which an explicit diffusive term is added, while the latter two methods are based on upwinding, in which the direction of the eigenvalues gives the direction of the wind. 
IV. Classification and characterization of the errors
In order to illustrate the types of errors that are generated by shocks that move slowly with respect to the grid, Figure 1 shows time series of the propagation of a shock moving at speed, s = 0.1 (with M = 2). The LF, Rusanov, Roe and HLL solvers are all included on plots of density, momentum and the characteristic variables (C ± ). Different solvers lead to different behaviors, although the HLL solver matches the Roe solution almost identically, as expected. Initially, an undershoot (or spike 6 ) develops in the momentum in all solvers and propagates with the shock. By conservation, an excess of momentum propagates downstream of the shocks, along the C − characteristic. As a result, a deficit of mass propagates downstream of the shock as well. Interestingly, there are no significant errors in the C + characteristic variable. After this initial disturbance, the solution is very different, depending on the family of solvers. In the LF and Rusanov cases, the shock takes a viscous profile and propagates to the right; the momentum spike persists, such that the shock appears to adopt a steady-state profile. In the Roe and HLL cases, the momentum spike oscillates in an unsteady fashion, thereby leading to the propagation of oscillations downstream of the shock. These oscillations tend to die out as they propagate away from the shock, due to the dissipative nature of these first-order accurate schemes. The momentum profiles offer the most evident depiction of these errors and will be used throughout the rest of the article.
In light of the the present observations and past work 6, 8 in which different classes of solvers were considered, the errors generated by slowly-moving shocks may be divided into two types:
1. Start-up errors: these errors refer to the initially generated error that consists of a spike in the momentum moving with the shock and an excess of momentum (and mass) propagating downstream of the shock. In this case, the shock profile reaches a steady state. This error applies to all the solvers under consideration and seems the most substantial for the LF and Rusanov solvers.
2. Post-shock oscillations: these errors refer to oscillations that are generated in a periodic fashion. As the momentum spike grows and shrinks, oscillations are generated downstream of the shock. In this case, the shock profile is unsteady. This error only applies to the Roe and HLL solvers. 
V. Analysis and correction of start-up errors
The generation of the momentum spike is attributed to the smeared density profile. 6 Following a traveling wave analysis, the momentum can be expressed based on the velocity:
where L denotes the state on the left of the shock (at infinity), the prime denotes differentiation with respect to the variable, ξ = x − st, and ǫ is the viscosity introduced in the traveling wave analysis. The momentum consists of the superposition of a constant term, ρu L , a monotone diffuse profile, s(ρ − ρ L ), and a spike, ǫρ ′ . Thus, the prominence of the spike depends on the relative magnitude of sρ and ǫρ ′ . To understand the dependence of the spike amplitude on the shock speed, the traveling wave analysis can be directly applied in the case of the LF solver. Then, ǫ = β∆x/2, where β = |λ (1) R | = 2.9. As an example, ∆x = 0.02 is taken, and shocks speed of s = 0.1 (with β = 2.9, ǫ = 0.029) and s = 0.4 (with β = 2.6, ǫ = 0.026) are considered. Figure 2 shows the density and momentum from the simulations for s = 0.1 at time t f = 1.2 and the momentum calculated from Equation 26 based on the density profile. In addition, the contribution of each of the three terms on the right-hand side of Equation 26 is plotted. The traveling wave solution calculated from Equation 26 using the density profile from the simulations matches the computed momentum profile, as expected. The only discrepancies are due to the initial downstream-propagating wave, which compensates for the formation of the momentum spike. However, after some time, the profiles adopt a steady-state solution. Clearly, the amplitude of the spike depends on the shock speed. Though ǫ depends on the shock speed through Equations 6 and 7, the dependence of that term on s in Equation 26 is not very strong, such that the prominence of the spike is mainly governed by s. Hence, the term ǫρ ′ does not change considerably with s; the most significant term is s(ρ − ρ L ). This analysis shows that shocks for which s is not small do not exhibit a large momentum spike.
It can be concluded that the momentum spike cannot be avoided because of the (artificially) viscous shock profile. 6 However, the downstream-propagating wave that compensates for the spike formation does interact with any flow structures downstream of the shock. This error can be corrected by simply initializing the shock profile to an appropriate traveling wave solution. Assuming that, once the shock adopts a diffuse profile, density is convected at the shock velocity and diffuses with artificial viscosity, ǫ, then
where c is some empirically-determined constant, which is expected to depend on the spatial scheme (solver, order of accuracy), but not on ∆x. The momentum can then be determined from Equation 26. In the case of the Lax-Friedrichs solver, ǫ = max i,p |λ (p) |. The traveling wave profiles depend on the coefficient, c. For a value of c ≈ 5, the smallest error is achieved (∼ 5% of the momentum jump, compared to 25% and 60%). In practice, an initial error is generated because the density does not exactly obey the proposed diffuse profile.
The present work shows that initially smearing shocks in an arbitrary fashion may lead to the generation of a spurious wave that propagates downstream of the shock. Thus, when initializing the shock as a smooth profile, the procedure should follow the traveling wave solution to prevent the downstream-propagating wave to be generated.
VI. Analysis and correction of post-shock oscillations
As observed previously, post-shock oscillations are generated as the shock propagates through the grid when using the Roe and HLL solvers. The wavelength associated with the error is λ∆x/s, where λ is the eigenvalue not associated with the shock family. 13 In other words, an overshoot/undershoot is generated every time the shock traverses a cell. This phenomenon is repeatable, as illustrated in Figure 3 , which shows momentum profiles for grid spacings, ∆x = 0.04, 0.02, 0.01, keeping the CFL constant. In the first plot, the solution is shown at time t = 1.2, while in the second plot the solution is shown at times t = 1.2, 0.6, 0.3, on a grid stretched by factors of 0.5, 1.0, 2.0, respectively. The frequency of post-shock oscillations increases as the grid is refined, as expected. However, the amplitude of the oscillations does not decrease with N . This behavior motivates the need for a better understanding of the problem.
As illustrated in Section IV, post-shock oscillations do not occur when using the LF and Rusanov solvers, while the Roe and HLL solvers clearly exhibit such errors. There are two main differences between the Roe/HLL and LF/Rusanov solvers: the artificial viscosity coefficients in the Roe/HLL solvers are not always positive, and in both the continuity and momentum equations, the numerical diffusion is based on both conservative variables. For initial conditions for a M = 2 shock, Figure 4 shows the initial artificial viscosity coefficients of density and momentum in both the continuity and momentum equations; the left, Roe-averaged and right states are plotted. It is clear that certain coefficients are negative, such that the relevant term is in fact anti-diffusive.
In the case of a slowly moving shock, the right-propagating wave in the HLL solver s + = 0 ahead of the shock, so that c (ρ) = 0 and c (ρu) = −1/2, so that m (ρ) > 0 and m (ρu) > 0. The quantity, s + = 0, is expected to lead to problems since c (ρ) = 0 and c (ρu) < 0, so this quantity is varied in the viscosity coefficients. that exhibits the least amount of dissipation, while preventing downstream oscillations, is s
L . In order to reduce the dissipation further, a localized version can be used; such a formulation is necessary when more complex problems are considered. It is noticed that such a fix is required near the shock and only when λ 
L is set only when: λ
Though not shown here explicitly, it is noted that a bound on the wave speed in the artifical diffusion of density in the continuity equation only is sufficient to prevent oscillations. Thus, the fix is applied in this field only. For practical applications, it is of interest to know the range of s over which the errors due to slowly moving shocks are expected to affect the flow. For simplicity, the errors are computed after the initial transient has occurred. The error is normalized by the jump in the relevant quantity, as follows:
Thus, a positive value implies an undershoot and a negative value implies an overshoot. Figure 6 shows the overshoot in density, the overshoot in momentum downstream of the shock and the undershoot of the spike as a function of the shock speed for M = 2. The Roe solver, the Roe solver with Karni's entropy fix 8 (Roe-fix), and the present HLL fix are included. The error in density is not very large in general for this shock strength (up to 1%). The Roe-fix 8 works well, and the present fix even better. Though not shown here, the errors increase with increasing M . As an example, the errors with the Roe-fix 8 become larger for M = 4, while with the present fix the error still remains negligible. Similar findings are observed in the momentum overshoot, but in which the error without the fixes can reach 30%. As mentioned in the previous sections, the occurrence of the spike cannot be avoided unless the initial conditions are regularized. For small shock speeds, this error can be extremely large (up to 300%) for all three solvers.
VII. Extension to higher-order accuracy
Higher-order accurate schemes, such as weighted essentially non-oscillatory (WENO) schemes, 5 exhibit severe post-shock oscillations in problems with slowly moving shocks, even with the Lax-Friedrichs solver. not significantly damped by the numerical viscosity away from the shock. Thus, the numerical errors persist, propagate in the entire flow field and may interact with physical flow features. As illustrated by Figure 7 , the wavelength of the error decreases and its amplitude increases. This behavior may be understood by writing the flux difference for Lax-Friedrichs as a high-order accurate central difference, followed by a diffusive term:
where ∆z is some spacing that is expect to vary with q
The diffusive term consists of a low-order accurate approximation of high-order accurate first derivative in the diffusion term. As the order of accuracy increases, the difference between q R i+1/2 and q L i+1/2 becomes smaller, so that ∆z is smaller as the order of accuracy is increased. In other words, the artificial viscosity coefficient decreases with increasing order of accuracy, thus preventing an appropriate amount of dissipation to be generated near the shock and leading to overshoots and undershoots.
To correct this behavior, different approximations for the numerical flux in terms of a central difference term and an artificial viscosity term are considered: 3.
The first definition is the original numerical flux used in WENO with a Lax-Friedrichs solver. In the second and fourth definitions, the diffusive term consists of a central difference term. In the third and fourth definitions, the artificial viscosity coefficient is modified. As shown in Figure 8 , the fourth option yields the smallest oscillations (but with the most dissipation). If the goal is to prevent oscillations, the fourth definition is the preferred one. However, it only needs to be applied near slowly moving shocks, which can be detected as described in Section VI.
VIII. Extension to the Euler equations
The extension of the present HLL and high-order accurate fixes to the Euler equations and multidimensions is trivial. As an example, the two-dimensional interaction of a slowly moving shock with an entropy wave is considered in Figures 9 and 10 for Roe's scheme with fifth-order accurate WENO and for the proposed fix with the modified fifth-order accurate WENO scheme. It is clear that Roe's scheme leads to significant oscillations in the density and momentum downstream. These oscillations are so severe and die out so slowly that the entropy wave and the waves generated upon the interaction with the shock are barely discernible. On the other hand, the proposed scheme leads to smooth solution, although at the expense of additional dissipation at the shock.
Similar errors have been observed in the interaction of a vorticity wave with a shock. 7 However, in this problem, errors appeared to be dependent on the angle of the vorticity, and not only on the shock speed.
IX. Conclusions
The errors generated by shocks moving slowly compared to the grid are analyzed in the present work. The errors are divided into two classes: start-up errors and post-shock oscillations. It is shown that a traveling wave analysis 6 describes the spike formation in the momentum for the Lax-Friedrichs solver very well. By smearing the density and momentum profiles appropriately, the corresponding downstream-propagating wave can be removed. The post-shock oscillations have been characterized; as a fix for this problem, a lower bound on the wave speed of the HLL solver is set in the artificial viscosity coefficient for density in the continuity equation. The implementation to higher-order accurate methods is not straightforward; an additional fix is proposed, in which the flux difference is written in terms of central difference and numerical diffusion components. The fixes are local, in that they need not be applied in the entire flow field, and have been tested on a variety of problems, including the full Euler equations in multiple dimensions. Future work includes studies of interactions between slowly moving shocks and more complex flow features. . Two-dimensional interaction of a slowly moving shock with an entropy wave (just after interaction with shock). Top: density profile along the centerline; middle: momentum profile along the centerline; bottom: numerical Schlieren contours.
